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On Error Rates of Statistical Model Selection
based on Information Criteria

Masayuki GOTOH !

Abstract — In this paper, we shall derive the upper
bounds on error rates of the statistical model selection
using the information criteria, F;. The similar bounds
were derived by J.Suzuki [2]. We shall generalize the
results for the general model class.

I. INTRODUCTION

Statistical model selection is one of the most important prob-
lems in statistics, and many works have left important results
behind this field. The conventional model selection criteria
(information criteria), such as the Akaike information crite-
rion(AIC), the Bayesian information criterion(BIC), and the
minimum description length(MDL) were derived from the dif-
ferent view points one another. The form of the conventional
information criterion is given by

IC(m) (1)
where 2™ = zyz,---x, is the data sequence with length n
emitted from the source, m is denoting a model with k,,-
dimensional parameter 8= log p(z™|m,8%™) is the logarithm
likelihood of the rnodel m, 6% is the maximum likelihood
estimator and ¢(n) is a penalty term. Here, z; € X for Vi, X
is the sample space, and X is the random variable on X.

The estimator of m is given by maximization of IC(m).

For the consistency of the model selection, which is the
property such as the true model can be asymptotically se-
lected, several results have been reported. We interest here
more detail valuation for the selection of the true model. Then
we define the error probability for the selection of the true
model m*, P; , which is given by

P = P*{IC(m*) < IC(m)|3m # m"},

a4 k
= logp(a"|m, 0*™) — "Ze(n),

()

where P*{-} is the probability mass measured by the true
distribution p*(-) from which the data sequence is emitted.

In this paper, we shall derive the upper bounds on error
rates of the statistical model selection using the information
criteria, P;. The similar bounds were derived by J.Suzuki [2].
This results are, however, for the model class with tree struc-
ture, and which have in part the analytical inadequacies. We
shall generalize this result for the general model class.

II. PRELIMINARY DEFINITION AND ASSUMPTION
Definition 1 (the hierarchical (nested) model class)
Let m be a discrete label (index) of model in the discrete and fi-
nite model class M, that is, m € M and | M| is bounded. Each
model has k,-dimensional parameter 0~ = (61,62, ,0k,,)T
in parameter set ©Fm C REm, hence m specifies a paramet-
ric model class. Let H*™ be this model class af m, which is
given by H*™ = {p() = p(-/m, 05=)|§5m € ©%n}, where p(:)
represents the probability or denszty Sfunction. Then the hierar-
chical (nested) model class H is defined by H = UmeaH*™,
where the nested structure H*™1 C H*m32 ¢ HFm2
may be satisfied for ml,m2,--- € M and k1 < kma < -+-.
The data sequence x™ is derived from the distribution p*(z™) =
p(z™|m*,0%m*), where m* is the true model and 0%m* is the
true parameter. a
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Remark the fact such that if H*m* # %, then there ex-
ist m and 6% satisfying m # m* and p(z"|m,8*") =
pla™m*, 6Fme ). Then, we usually define the true model m*
as follows:

m* = arg,, min{km

360%™ V2", (" m, 0*™) = p* (r")}.
(3)

Suzuki analyzed the error rate of the model! selection for
the some tree model class [2]. This result is very interesting.
However, this is restricted for the tree model class which has
the discrete sample space X with the multinomial distribution.
We shall generalize this result in this paper.

ITI. MAIN RESULTS
Let P;[m] = P* [IC’(m‘) < I C(m)] be the (error) proba-
bility of the event such that the model m is selected. At first,
we show the following theorem.

Theorem 1 On some suitable condition, if H*™ C H*m*
and lim, o Sup c(:) =0, then the following inequation s sat-

isfied.
Pilm] < 0 (2E2E™) @)

Theorem 2 On some suitable condition, if H*m* C H*=,

then the following inequation is satisfied.

1
P <0 5
lm] <(km‘ —-k,n)2(1 —c(n))z) ( )

From Theorem 1 and 2, we have the following theorem
using union bounds.

Theorem 3 On some suitable condition, the error rate
of selection of true model, P;, is given as follows: If

lithn— o0 8up <2 = 0 gnd limnp—.eo inf (Eg%g—n)l/'z c(n) < oo,

then
. 1
P <o (___(1 _ c(n))z) , ©

else if limn_.oo sUp %‘l = 0 and limn_ o inf (rgl,;?;)l/z c(n)
= 00, then 71
' P <O (iﬁ’gﬁ) . )

IV. CoNCLUSION

We have shown the asymptotic order of error rate of the
model selection based on the information criteria. Similar
results for the model selection based on Bayes decision theory
can be derived [1].
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